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Chapterl

§ Convergence

For asequence {x}=", if limx =x", thenthesequence {x}= issaid

to be converged to x'.

On the other hand, if |x,,-x,|<¢, then {x}= isalso said to be a

n+l

convergent sequence.

For asequence {x,f(x)}¥= , if limx =x" implies lim f(x)= f(x"),
then the function f(x) iscontinuous at x=x", i.e.,

lim £ (X" -&%) = lim f(x +%) = f(x) or

x—0

For \f(x)—f(x*) <5.

<¢,there existsa & such that \x—x*

Usually, the procedures of solving the equation f(x)=0 can be

expressed as the iteration x=g(x) which generates the sequence

{x.,9(x)}=". The solution is obtained as limx, =x" or limg(x)=g(x").

I—00

Practically, the solution is estimated as x, while |x ,—x|<& or

nl
|9(%,.) - 9(x,)[ <5
§ Differentiation
If hp% exists, then f(x) is said to be differentiable at x=x".
Suppose that f(x) is differentiable at x=x", then f(x+Ax) and

f (x—Ax) can be expanded as

f(x+Ax)=f(X)+ f’(x)Ax+% f"(X)AX® +% f"(X)AX +...



2013/9/13 Chapter 1 Prof. R.T. Wang

f(x=AX) = f(X)- f’(x)Ax+% f"(X)AX? —% f(X)AX® +....

Moreover,

f(x+Ax)—f(x) 1

f'(x) =
() AX 2

f”(x)Ax—% f"x)ax*—...  (A)

f(x+A)-f(x-Ax) 1, 2 _
2AX B (B)

f'(x) =
Since Ax is small, the expression of (B) is more precise than that of (A).

§ Mean Value
If the function f(x)eC[a,b] and f(x) is differentiable on (a,b), then
there exists c,d (a,b) such that
f’(c)zw and [ f(xdx=f(d)(b-a)

_a a
§ Intermediate Value
Suppose that the function f(x)eC[a,b] and f(a)< f(b), for any constant
k satisfies f(a)<k< f(b) thereexistsa ce(a,b) suchthat f(c)=k.
To find one root of the equation f(x)=0, we can try two distinct values
a and b tosatisfy f(a)f(b)<0, then the root locates inside (a,b).
§ Errors
Consider a number y=0d,.....d.d,,...x10"
There are two ways to express y at k decimal digits:
1. Chopping: fl(y)=0.d,.....d, x10"

2. Rounding: if d, ,<5, fl(y)=0.d,....d x10";
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if d_,>5, fl(y)=0d,....(d +1)x10"
There are two types of errors:

1. Absolute error: Ay =y—fl(y)

2. Relative error: ¢=|Ay/y|

Ex. Evaluate f(x)=x’-6.1x*+3.2x+1.5 at x=4.71 using three-digit

arithmetic
Exact: x=4.71, x*=22.1841, x*=104.487111, 6.1x*=135.32301,

3.2x=15.072;
f(4.71) =104.487111-135.32301+15.072 +1.5 = —-14.263899

Chopping: x=4.71, x*=22.1, x*=104., 6.1x’ =134., 3.2x=15.0;
f(4.71) = ((104.-134.) +15.0) +1.5=-13.5

Rounding: x=4.71, x*=22.2, x*=105., 6.1x*=135., 3.2x=15.1;
f (4.71) = ((105.-135.) +15.1) +1.5 = ~13.4

Express f(x) into the form f(x)=((x-6.1)x+3.2)x+1.5

Chopping:
f(4.71) = ((4.71-6.1)x4.71+3.2) x4.71+1.5

=((-1.39)x4.71+3.2) x4.71+1.5 = (-6.54+3.2) x4.71+1.5=-157+1.5=-14.2
Rounding: f(4.71) =
((-1.39)x4.71+3.2)x 4.71+1.5= (-6.55+3.2) x4.71+1.5=-15.8+1.5=-14.3

§ Rate of Convergence
Suppose that x ,=g(x,) hasaroot x*. The error of the ith iteration is

denoted as E =x —x".
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If E, ~ciE,, then the error is called a linear error
If E,~c"E,, then the error is called an exponential error.
Suppose {a.}, »a and {8} —0
If |o,-a|<k|B,|, n>N,then {}, >« witharate of convergence of

order 8. a =a+0(8,)

Ex. Both «, = nﬁl and ¢, = n+33 converge to 0, however,
n n
n+1 |2n 1 A n+3| |4n 1
= — = 2 |, = — = 4 .
|an| n2 n2 n |C¥n| n3 n3 n2

N

So, «, =0+O(1) , a, = 0+O(i2) , which means ¢, converges to zero
n n

faster than «, does.

HW 1

1. Let f(x)=x*-5.1x>+3.1x+1.6.

a. Evaluate f(3.71) by calculating (3.71)> and (3.71)° using four-digit
rounding arithmetic.
b. Evaluate f(3.71) by using the formula f(x)=x(x(x-5.1)+3.1)+1.6.

c. Compute the absolute and relative errors in parts (a) and (b)

2. Use three-digit chopping arithmetic to compute the sum i(l/iz) first

i=1

by 11101 and then by .t
1 4 9 16 16 9 4 1

Which method is more accurate, and why?

=0 as

3. Find the rate of convergence of the function |jm sin(h) _hh cos(h)
h—0

h—o0.



